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tive $b>0\in R$ $c= \sum_{|\alpha|\leq m}|a_{\alpha}|b^{|\alpha|}$ $c$ $a_{\alpha}$ $b$
constructive $x\in[-b, b]^{n}$ $|f(x)|\leq c$
Puiseux
$R$ Puiseux $R$ $t$ $R$
$t$ Puiseux $R$
$t^{1/2}$ $R$ $(t^{1/2})^{2}=t$ 5
$R$ 2 $t>0$ $1-t=(1-t/2-t^{2}/8+\cdots)^{2}$
1 $R$ $1-t>0$ $t<1$
1 $a$ $t<a$ $t$
$R$ $0$ $(0, \infty)$ $1/t$
$\infty$ $0<\cdots<t^{2}<t<1<1/t<1/t^{2}<\cdots$
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$f(x)$ $x$ $R$ $R$
$f_{R}$ $f_{R}$ $f_{R}(x)= \sum_{|\alpha|\leq m}a_{\alpha}x^{\alpha}$ $f$
( R. $a$ $b$ $(a, b)$ $R$
$R$ $(a, b)_{R},$ $[a, b]_{R}$ ) $R$
$R^{n}$ $f_{R}$
$c$ constructive $[-1/t, 1/t]_{R}^{n}$ $f_{R}$






Lojasiewicz $f$ $n$ $x=(x_{1}, \ldots, x_{n})$
$f^{-1}(0)$ $R^{n}$ $V$ 1 $\theta$
$|f(x)|^{\theta} \leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|$ , $x\in V$





$\theta$ $f$ $R$ $R$
$\theta$ Lojasiewicz
Puiseux 2 constructive




$\rceil$ . $V$ $R^{n}$ $n=1$ $f(x)=$
$1+x^{2}$ $x=0$ $f(x)=1$ $f_{(x)=0}ddt$
2. $n=1$ $f^{-1}(0)$ $f(0)=0$
$0$ $f(x)=a_{k}x^{k}+a_{k+1^{X^{k+1}+}}\cdots$ , $a_{k}\neq 0$
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$f(x)$ $0$ $a_{k}$ $f(x)=a_{k}x^{k}$ $\theta=(k-1)/k$
$|f(x)|^{\theta}\leq|_{dx}^{fd}(x)|$ $0$ $\theta=$ $1$ ) $/$ ( $f$ )
$n>1$
3. $f$ : $[0, \infty)arrow R$ ( )
$f(0)=0$ $0$ $[0, \infty)$ $V$ $\theta$ $0<\theta<1$
$f$ $V-\{0\}$ $C^{1}$
$|f(x)|^{\theta} \leq|\frac{df}{dx}(x)|$ , $x\in V-\{0\}$
$0$ $[0, \infty)$
$U$ Puiseux $\sum_{n=p,p+1},..a_{n}t^{n/q},$ $a_{n}\in R,$ $p,$ $q\in Z,$ $p,$ $q>0$
$\sum_{n=..p+1},..a_{n}t^{n/q}$ $U-\{0\}$ $\sum_{n=p,p+1},..a_{n}t^{n/q}=f(t)$
$U-\{0\}$ $\sum_{n=p,p+1},..a_{n}x^{n/q}$ $p\leq q$ $\theta=1/2$
$V$ ( $xarrow 0$ $f_{(x)}dxdarrow\infty$
) $p>q$ $\theta=(p/q-1)/(p/q)$ 2
Lojasiewicz





$V= \{x\in R^{n}:|f(x)|\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|\}$
) $R^{n}$ $X$
$X= \{x\in R^{n}:|f(x)|>\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|\}$
$X$ ( 3) $X$
$X$ $0$ $\phi$ : $[0, \infty)arrow R^{n}$
$\phi(0)=0$ $\phi((0, \infty))\subset X$ (curve selection lemma) $s$ $[0, \infty)$
$m$ $\phi(s)$ $\phi(s^{m})$
$\phi$ $0$ $C^{1}$ $\mathscr{Q}ds(0)=0$ (
) $\phi=(\phi_{1}, \ldots, \phi_{n})$ 3 $f$ $fo\phi$ $s$ $0$
$|f \circ\phi(s)|\leq|f\circ\phi(s)|^{\theta}\leq|\frac{dfo\phi}{ds}(s)|\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}o\phi(s)\frac{d\phi}{ds}(s)|\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}o\phi(s)|$






$t$ $(t, x)$- Puiseux $x=f(t)=$
$\sum_{n=p,p+1},..a_{n}t^{n/q}$ $\sum_{n=0}^{\infty}a_{n}t^{n}$
$f$ $0$ 2 $P(t, x)$ $P(t, f(t))$
$0$ $P$ $t$ $P$ $x$ $m’$
$P_{C}$ $C^{2}$ $P$ $0$ $t$
$P_{C}(t, x)=0$ $m’$ $P_{C}^{1}(0)$ $0$ $0$
$P_{C}^{1}(0)$ $t$- $0$ $0$
$\{(t, \tau)\in C^{2}: t_{C}^{\supset}(t^{m’}, x)=0\}\ni(t, x)arrow t\in C$ $0$ $0$
$\{(t, x)\in C^{2}:P_{C}(t^{m’}, x)=0\}$
$0$ ( $0$
$0$ $C^{0}$ $0$ ) $g_{i}(t)$
$h(t, x)$ $h(0,0)\neq 0$ $P_{C}(l^{m}, x)=h(t, x) \prod_{i}$(x–gi $(t)$ ) $x$ $f(t^{m’})$
$P_{C}(t^{m^{l}}, f(t^{m’}))=0$ $i$ $f(t^{m’})=g_{i}(t)$
$f(t^{m’})$ $\sum_{n=0}^{\infty}a_{n}t^{n}$
$\epsilon$ $f(t)$ $(0, \epsilon)$
$(0, \epsilon)$ $x$- graph $f$
$f(t)\equiv 0$ graph $f$ $t$- $0$
$f(t)=t$ $\{(t, x)\in R^{2}:t=x, t>0\}$ $0$ 2





$0$ $R$ $\sum_{n=q,q+1},\cdots a_{n}t^{n/p}$ $a_{q}$ $0$
$g$ : $(0, \infty)arrow R$ Puiseux $f(t)=$
$\sum_{n=p,p+1},\ldots a_{n}t^{n/q}$ $\epsilon$ $g(t)=f(t)$ $(0, \epsilon]$
$(t, x)$ -
$f_{ij}(t, x)$ $*ij\in\{=, >\}$
graph $g= \bigcup_{i}\bigcap_{j}\{(t, x)\in R^{2} : f_{ij}(t, x)*ij0\}$
graph $g$ $g$
graphg $x$ $f_{ij}^{-1}(0)$ $x$
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(ii) $\epsilon$
graph $g\cap[0, \epsilon]\cross R=\{(t, x)\in[0, \epsilon]\cross R : f_{ij}(t, x)=0\}$
$g$ Puiseux
$R$ $R$ $R$
Puiseux $f(t)$ $\epsilon$ $(0, \epsilon)$
$f$ $0$ $f$ $R^{n}$ $(f_{i}, \ldots, f_{n})$
$(0, \epsilon)$ $R^{n}$ $0$ $R^{n}$ $(0, \infty)$
$0$ $R^{n}$ $R^{n}$
$R^{n}$ $R^{n}$ $R^{n}$ $X$ $R^{n}$
$R^{n}$ $R^{n}$
$\{f=(f_{1}, \ldots, f_{n})\in R^{n};{\rm Im} f\subset X\}$
${\rm Im} f$ $f$ $f$
Artin-Lang $X_{R}$
$X= \bigcup_{i}\bigcap_{j}\{x\in R^{n} : f_{ij^{*}ij}0\}$ $X_{R}= \bigcup_{i}\bigcap_{j}\{x\in R^{n} :f_{ijR^{*}ij}0\}$
$X_{R}$ $R^{n}$ $f_{ijR}$ $R^{n}$




$R$ $R^{n}$ $X_{1}\subset X_{2}$ $X_{1}$ $X_{2}$ ( )









Lojasiewicz constructive $C$ $R^{n}$
$u\in[0, \infty)$ $\phi(u)$
$\phi(u)=\inf\{\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|:|f(x)|=u, x\in C\}$
$\phi$ (
$R^{2}$ $Z$ $\psi(u)=\inf\{x\in R: (u, x)\in Z\}$
graph $\psi=\{(u, x)\in R^{n}:\forall(u, x’)\in Zx\leq x’, \forall\epsilon>0\in R\exists(u, x’)\in Zx’<x+\epsilon\}$
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constructive ) $\phi(0)$
$\lim_{uarrow+0}\phi(u)$ $\phi$ $[0, \epsilon]$ $\epsilon$
$\phi$
$0<\theta<1$ $|u|^{\theta}\leq\phi(u)$ $u$
$\phi(0)>0$ $\phi(0)=0$ $R^{n}\cross R$ $X$
$X= \{(x, u)\in C\cross(0, \epsilon]:|f(x)|=u, \sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|=\phi(u)\}$
$X$ $\overline{X}-X$ $C\cross\{0\}$ curve selec-
tion lemma( [3]) $\alpha=(\alpha_{1}, \alpha_{2})=$
$(\alpha_{11}, \ldots, \alpha_{1n}, \alpha_{2})$ : $(0,1]arrow X\subset C\cross(0, \epsilon]$ $\lim_{uarrow 0}\alpha_{2}(u)=0$
$\alpha_{2}$ 4 $\alpha$ $C^{1}$
$| \frac{d\alpha}{du}|\leq 1$ 3 $0<\theta<1$ $\theta$ $\delta$
$u\in(0, \alpha_{2}^{-1}(\delta)]$
$|f \circ\alpha_{1}(u)|^{\theta}\leq|\frac{df\circ\alpha_{1}}{du}(u)|\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}o\alpha_{1}(u)||\frac{d\alpha_{1i}}{du}(u)|\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}o\alpha_{1}(u)|$
$|f(x)|^{\theta} \leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|$ , $x\in C\cap f^{-1}([-\alpha_{2}^{-1}(\delta),$ $\alpha_{2}^{-1}(\delta)])$
$C\cap f^{-1}([-\alpha_{2}^{-1}(\delta),$ $\alpha_{2}^{-1}(\delta)])$ $C\cap f^{-1}(0)$ $C$
5. $constructive_{o}$
5.
$f_{R}$ $R^{n}$ $[-1/t, 1/t]_{R}^{n}$ 5 $f_{R}^{-l}(0)\cap$
$[-1/t, 1/t]_{R}^{n}$ $[-1/t_{:}1/t]_{R}^{n}$ $V$ $0<\theta<1$ $\theta$
$|f_{R}|^{\theta} \leq\sum_{n=1}^{n}|_{\partial x_{i}}^{\perp\partial_{R}}|$ $V$ $V\cap R^{n}$ $V\cap R^{n}$
$f^{-1}(0)$ $R^{n}$ $V$
$V$ $V\cap R^{n}$ $f^{-1}(0)$ $R^{n}$




$\phi(s, u)=\inf\{\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|:|f(x)|=u, |x|\leq s\}$
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$\Phi(u)=\lim_{sarrow\infty}\phi(s, u)$ $R^{n}\cross[0, \infty)^{2}$ $X$
$X= \{(x, s, u)\in R^{n}\cross[0, \infty)^{2}:|f(x)|=u, \sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|=\phi(s, u), |x|\leq s\}$
$\phi$ $\Phi$ $X$ $X$ $R^{n}\cross[0, \infty)^{2}$ $u$
$\phi(s, u)$ $s$
$s_{0}$ $u_{0}$ $[s_{0}, \infty)\cross(0, u_{0}]$ $\Phi(u)=\phi(s, u)$
$C=\{x\in R^{n}:|x|\leq s_{0}\}$ $C$
$C$ $f$
$f^{-1}(0)\cap C$ $C$ $V_{C}$ $0<\theta<1$
$\theta$
$|f|^{\theta} \leq\sum_{i=1}^{n}|_{\partial x_{i}}^{\partial}$ $|$ $V_{C}$
$u_{0}$
$\{x\in C:|f(x)|\leq u_{0}\}\subset V_{C}$ $V_{C}$ $\{x\in C:|f(x)|\leq u_{0}\}$
$V=\{x\in R^{n}:|f(x)|\leq u_{0}\}$ $V$
$V-V_{C}$ $x$ $|x|>so$ $|f(x)|\leq u_{0}$
$V_{C}$ $x’$ $|f(x’)|=|f(x)|$ $\sum_{i=1}^{n}|\frac{\partial f}{\partial t}(x’)|=\sum_{i=1}^{n}|_{\partial t}^{\partial}f(x)|$
$|f(x)|^{\theta}=|f(x’)|^{\theta} \leq\sum_{i=1}^{n}|\frac{\partial f}{\partial t}(x’)|=\sum_{i=1}^{n}|_{\partial t}^{1\partial}(x)|$
$s_{0}$ $u_{0}$ $[s_{0}, \infty)\cross(0, u_{0}]$ $\Phi(u)=\phi(s, u)$
$s_{0}$ $|x|<s_{0}$ $R^{n}$ $x$ $f$ $0$
curve selection lemma ([3] 1 $08$ )
(
) $[s_{0}, \infty)\cross\{0\}$ [ $s_{0)}\infty)\cross[0$ , oo $)$ $U$
$\psi$ : $Uarrow R^{n}$ $(\psi(s, u), s, u)\in X$ $U$ $(s, u)$
$s_{0}$ $s_{0}\geq 2$ $m$
$U\supset\{(s, u)\in[s_{0}, \infty)\cross[0, \infty):u\leq s^{-m}\}$
( $\alpha$ : $(0,1/s_{0}]arrow U$
$\alpha(v)=(1/v, 0)$ $0$ $\alpha_{0}$ $\alpha_{0}$ $[s_{0}, \infty)_{R}\cross\{0\}$
$0$ $R^{2}$ $\beta$ $\alpha_{0}+\beta$ $U_{R}$ $m$
$\beta_{a}(t)=(0, at^{m}),$ $a\in[0,1]$ $\beta_{a}$ $0$ $R^{2}$
$\cup\{\alpha_{0}+\beta_{a}:a\in[0,1]\}\subset U_{R}$
$s_{0}$
$s_{0}\geq 2$ $s_{0}$ $m$
)
$U$ ${\rm Im}\psi$ $R^{n}$
${\rm Im}\psi$ $x$ $R^{n}$ $x’$ $|x’|\leq|x|$
$|f(x’)|=|f(x)|$ $\sum_{i=1}^{n}|_{\partial x_{i}^{-}}^{\lrcorner\partial}(x’)|\geq\sum_{i=1}^{n}|_{\partial x_{i}}^{\partial}\lrcorner_{-}(x)|$
${\rm Im}\psi$ $n=2$
$({\rm Im}\psi)_{R}$ $R^{2}$




$({\rm Im}\psi)_{R}$ (3 ( ) ) $R$ $c$ $(-c, c)_{R}^{n}$ $\gamma_{0}$
$R$ $[-c, c]_{R}^{n}$ $f_{R}^{-1}(0)\cap[-c, c]_{R}^{n}$
$W$ $0<\theta<1$ $\theta$ $W$ $\theta\leq\sum_{i=1}^{n}|_{\partial x_{l}}^{\partial_{E}}$ $|$
$R^{n}$
$\gamma_{0}$
$f_{R}^{-1}(0)\cap(-c, c)_{R}^{n}$ $\gamma_{0}$ $R^{n}$ $W$ 3
$R$ $m$ $(0,1/s_{0}]\ni\tau)arrow$
$\psi(1/’\iota’, v^{m})\in R^{n}$ $0$ $\gamma_{m}$ $W$ $|f_{R}(\gamma_{m})|^{\theta}\leq|_{\partial x_{i}}^{\perp\partial_{R}}(\gamma_{m})|$
$f_{R}$ $v_{1}$
$|f \circ\psi(1/v, \cdot u^{m})|^{\theta}\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}o\psi(1/v, v^{m})|$ , $v\in(0, v_{1}]$
$\psi$ $|fo\psi(s, u)|=u$ $\sum_{i=1}^{n}|_{\partial x_{i}}^{\lrcorner\partial}\circ\psi(s, u)|=\phi(s, u)$
$|fo\psi(1/v, v^{m})|=v^{m}$ $\sum_{i=1}^{n}|_{\partial x_{i}}^{\partial}$ $\circ\psi(1/v, v^{m})|=\phi(1/v, v^{m})$
$v^{m\theta}\leq\phi(1/v, v^{m})$ , $v\in(0, v_{1}]$
$v^{m}=w$
$w^{\theta}\leq\phi(1/w^{1/m}, w)$ , $w\in(0, v_{1}^{m}]$
$w=|f(x)|$ $x\in R^{n}$ $|x|\leq 1/w^{1/m}$
$|f(x)|^{\theta} \leq\phi(1/w^{1/m}, w)\leq\sum_{i=1}^{n}|\frac{\partial f}{\partial x_{i}}(x)|$
$w\in(0, v_{1}^{m}]$ $w=|f(x)|$ $|x|\leq 1/w^{1/m}$ $|x||f(x)|^{1/m}\leq 1$
$|f(x)|\leq v_{1}^{m}$
$V=\{x\in R^{n}:|x||f(x)|^{1/m}\leq 1, |f(x)|\leq v_{1}^{m}\}$
$V$ $|f|^{\theta} \leq\sum_{i=1}^{n}|_{\partial x_{l}}^{\lrcorner\partial}|$ $V$ $f^{-1}(0)$ $R^{n}$
6.
Lojasiewicz
$fi$ $f_{2}$ $R^{n}$ $f_{1}^{-1}(0)\subset f_{2}^{-1}(0)$
$m$ $f_{2}^{-1}(0)$ $R^{n}$ $V$ $V$ $|fi|\geq|f_{2}|^{m}$
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